
Chapter 11

Recursive Matrix Systems (RMS)

A highly parameterizable formal rewriting system

Dominik Heckmann

Abstract. A new formal rewriting system is de�ned. It is capable of describing
regular, context-free, mildly-context-sensitive and context-sensitive languages as
well as languages in between. It allows to compare formal language properties in
one uniform framework. The main idea of RMS is adding a vertical dimension to
the usual string deriving grammars.

Introduction

Small extensions of context-free languages (CFL) are interesting for natural
language processing. In [Joshi et al,1991] mildly-context-sensitive languages
are characterized and tree-adjoining languages (TAL) are described as a rep-
resentative of this family.
The main subject of this work is the introduction and de�nition of "Re-
cursive Matrix Systems" (RMS), a newly developed formalism capable of
describing mildly-context-sensitive languages. We present a restricted recur-
sive matrix system which is slightly stronger than context-free grammars,
in such a way that it allows cross-serial and nested dependencies together.
But it is still a proper subset of tree-adjoining grammars.
In a �rst example the idea of using matrices is motivated. RMS, the deriva-
tion and the interpretation function are de�ned. Some properties of RMS
and comparisons with other formalisms are shown. A relation between tree-
adjoining grammars and recursive matrix systems is demonstrated.

Motivation

S !

"
a
b
c

#
S applied as a regular rule creates matrices like

"
a
b
c

#"
a
b
c

#"
a
b
c

#
: : :
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If the letters a,b and c are read row by row strings of the form aaa:::bbb:::ccc:::

are generated. The language L1 = fanbncnjn 2 Ng is described by this sim-
ple rule (together with an adequate termination condition). L1 is context-
sensitive but the application of the rule is independent from the context.
Matrices are created column by column but read row by row.
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The De�nition of Recursive Matrix Systems

De�nition: A Recursive Matrix System (RMS) is a tuple hG,I i where
G is an arbitrary grammar formalism to create recursive matrices and I is
an interpretation function to read a string out of each recursive matrix.

Grammar Recursive Matrices Strings
Derivation Interpretation

De�nition: A Recursive Matrix is a matrix consisting of terminal symbols
or again recursive matrices as elements.

For example

d d
e e e
f f f

d

a a ε

ε

b b

c c

has the recursive matrix

d d
e e e
f f f

d

as an element.

De�nition: A Recursive Matrix Grammar is the four-tuple hT,N,S,Pi.
Let T, N, P be �nite but non-empty sets where T is the terminal-alphabet,
N is the nonterminal-alphabet with N \ T = ; and S 2 N is the starting

variable. P is the set of production rules (not necessarily in a normal form):

A! �

A! �C

�
regular

A! �C�

9=
; linear

A! �CD

9>>=
>>;

context� free1

AB ! CD

9>>>>=
>>>>;

context� sensitive2

The recursive matrix grammar is either regular, linear, context-free or
context-sensitive. The di�erence between the normal string-deriving for-
malisms and the recursive matrix grammars is: � and � are not just terminals
but vertical vectors with terminals or non-terminals as elements.

�, � 2 f

2
64
x1

...
xk

3
75 j xi 2 N [ T [ f�g for all 1 � i � k 2 N g

The grammar is called lexicalized if at least one of the xi in every produc-

1This is the "minimal" Greibach normalform [Sch�oning,1995] p.54
2Context-sensitive grammars are only mentioned for completeness.
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tion rule is a terminal symbol. It is called terminalized if all the xi are
terminal symbols. If all vectors have the same size k the grammar has the
index k. It re
ects the number of rows in the matrix. Here we consider
only systems with index k grammars and denote them RMSk .

The Derivation of Recursive Matrices

Let RM be the set of all recursive matrices with terminals or recursive
matrices as elements. Let ERM be the set of all extended recursive matri-
ces with terminals, nonterminals or extended recursive matrices as elements.

The derivation-step relation is described informally: In each step an arbi-
trary nonterminal is locally replaced by the right-hand-side of an adequate
production rule. The surrounding submatrices are not changed.

A complete derivation of a recursive matrix r is a list of extended recursive
matrixes where all neighbours hold the derivation-step relation.

S ) e1 ) e2 ) � � � ) r ,with all ei 2 ERM and r 2 RM

The set of recursive matrices which can be derived by a grammar G is:

L(G) := fr j S
�
) r; r 2 RMg

The following example shows the derivation process:

G1 = hfa,b,c,d,e,fg,fS,Ag,S,fS !

"
a
b
c

#
S , S !

"
�
A
�

#
, A !

"
d
e
f

#
A, A !

"
d
e
f

#
gi

When applying the �rst or third of the four rules a vector is added to the
actual matrix. When applying the second rule a descend into the next
"matrix-level" takes place. Only the last rule is a terminating one. All
vectors have the size 3 and all rules are regular. G1 is an "index-3-regular
grammar".

A possible derivation with the grammar G1:
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Remark: the horizontal dimension of the recursive matrices are not limited.
It happened to occur only 3x3 recursive matrices in this example.
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The Interpretation of Recursive Matrices

The interpretation of recursive matrices can initially be chosen freely. Here,
recursive matrices are interpreted row by row from top to bottom. The rows
themselves can be read from left or right. An element in a row is either a ter-
minal symbol or a recursive matrix. The interpretation of a terminal symbol
is the symbol itself. A recursive matrix is recursively treated as above.

The interpretation function read is recursively de�ned by:

read(recursive matrix; I) := read(row1; i1) � : : : � read(rowk; ik)
read(row[1::m]; !) := read(row[1]; I) � read(row[2::m]; !)
read(row[1::m];  ) := read(row[m]; I) � read(row[1::m�1];!)
read(terminal symbol; I) := terminal symbol

: : : with recursivematrix =
h

row1

.

.

.
rowk

i
and I =

h
i1
.
.
.
ik

i
with all ij 2 f!,  g.

I represents the reading-directions for each row of the matrix. I is also used
as an abbreviation for the whole interpretation process. A row is an ordered
list of elements, either terminal symbols or recursive matrices.

The language generated by a RMS with grammar G1 and interpretation I is:

RML(G; I) := fread(r; I) j r 2 L(G)g

Two di�erent interpretations for the same recursive matrix of the example:

I( c

a

b

c

a

b
d
e
f

d
e
f

d
e
f

ε

ε ;
!

!

!

) = aabb � I(
d
e
f

d
e
f

d
e
f ;

!

!

!

) � cc = aabbdddeeefffcc

I( c

a

b

c

a

b
d
e
f

d
e
f

d
e
f

ε

ε ;
!

 

!

) = aabb � I(
d
e
f

d
e
f

d
e
f ;

!

 

!

) � cc = aadddeeefffbbcc

1The following shortcuts are used: reg for regular, lin for linear, cf for context-free,
lex for lexicalized and ter for terminalized.
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Two di�erent languages are generated in this example:

RML3(G1;
!

!

!

) = fanbndpepfpcn j n; p 2 Ng

RML3(G1;
!

 

!

) = fandpepfpbncn j n; p 2 Ng
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RMS in Comparison with CFG, TAG and LCFRS

� According to [Sch�oning,1995] each CFG can be transformed into an equiv-
alent CFG with rules of the form A ! bCD only. Every rule of that type

can directly be transformed into the RMS rule of the form: A!
h
b
D

i
C.

CFL = RML2(reg&lex;! )

� TAGs that are limited to allow auxiliary trees only which consist of a root
and a foot which must not adjoined to, and only one middle knot that may
be adjoined to are weaker than normal TAGs:

TAL( S
χ

S
δα

β
S

NA

NA ) = RML4(reg;
!

 

!

 

) � TAL = RML2(cf;! )

� A description of linear context-free rewriting systems can be found in
[Becker,1994]. The recursive matrix structure and the interpretation func-
tion of the RMS(reg), RMS(lin) and RMS(cf) can directly be translated into
index-functions and sort-functions of the LCFRS formalism.

RMLk(reg) � RMLk(lin) � RMLk(cf) � LCFRS

Here are some illustrations on CFG, RML2(reg), TAG and RMS4(reg):
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These pictures above exhibit the construction of RMS from CFG and TAG.

Recursive Matrix Languages

These languages are de�ned to help distinguishing between the RMSs:

Copy(k) := fww : : :| {z }
k�times

j k 2 N; w 2 T �g

Count(k) := fanbn : : :| {z }
k�times

j k; n 2 Ng

Depend
�

d1
.
.
.
dk

�
:= f(a1:: an)

d1 (b1:: bn)
d2 : : :| {z }

k�times

j k; n 2 N; all di 2 f!, g;

(a1:: an)
!= a1:: an , (a1:: an)

 = an:: a1 g

RML3(reg;
!

 

!

) for example can be speci�ed by the subsets:

Count(3) = fanbncnj n 2 Ng
Copy(2) = fwwj w 2 T �g

Depend(! 
!

) = fa1:: anbn:: b1c1:: cnj n 2 Ng

Depend(!
!
) = fa1:: anb1:: bnj n 2 Ng = cross-serial dependency

Depend(!
 
) = xfa1:: anbn:: b1j n 2 Ng = nested dependency

RML3(reg;
!

 

!

) is between CFL and TAL:

CFL = RML(reg;!
 
) � RML(reg; ! 

!

) � RML(reg;
!

 

!

 

) � RML(cf;!
 
) =TAL

Remark: RML3(reg;
!

 

!

) should be analysed for linguistic relevance.

Polynomial Parsing

RMS(reg), RMS(lin) and RMS(cf) have the property that they can be parsed
in polynomial time. This property is inherited from the fact, that a RMS(cf)
can be directly transformed into a weak equivalent LCFRS. Additionally the
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following upper time bounds hold:

RMSk(reg&ter) = O(n) conjecture

RMS(reg;!
 
) = O(CFG) � n3

logn
[Harrison,1978]

RMS(reg; ! 
!

) = O(n5) [Becker & Heckmann,1998]

RMS(cf;!
 
) = O(TAG) = O(n6) [Nederhof,1997a]
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The Structure of Recursive Matrices

The language L = fanbnapbpcpcn j n; p 2 Ng has the following structure:

� apbpcp is embedded in anbncn: anbn apbpcp cn

� a,b,c are created in parallel.

� n,p indicate how often a,b,c is pumped.

A recursive matrix is a structure or a mathematical object with three dif-
ferent dimensions: x-axis, y-axis and embedding.

y-axis

x-axis

embedding

This structure �ts the requirements of formal languages better than the
structure of (recursive-)strings with only two dimensions, namely x-axis and
embedding. With the context-free grammar rule S ! aSb for example, it
can be pumped only into two directions: to the left or to the right of the
nonterminal: a S!b. But pumping and embedding could be observed and
limited independently if a new, vertical dimension were introduced.
In the recursive matrix systems pumping takes place in the x-axis, parallel
in the y-axis and embedding in an element.

Count(3) written as TAG, CSG and RMS

Context-sensitive grammars can handle the language L1 = fanbncnj n 2 Ng
because they swap the terminals conditionally around. But conditional
swapping makes the grammar di�cult. Here is a context-sensitive, a tree-
adjoining and a recursive matrix grammar for the language L1:

TAG:
S

c
S

b

a
S

NA

NA RMS: S !

"
a
b
c

#
S

CSG: fS ! aSBC; S ! aBC;CB ! BC; aB ! ab; bB ! bb; bC ! bc; cC ! ccg.
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The language Count(5) can easily be expressed as a RMS5(reg), but not at
all as a TAG and only very di�cultly as a CSG.

Conclusion

The developed formalism RMS has the facility to compare many rewriting
systems in one uniform framework. RMS3(regular;

!

 

!

) is a superset of CFG

and a subset of TAG. It can express cross-serial and nested dependencies.
In our opinion it should be checked for linguistic relevance. Pumping and
embedding are separated into two dimensions. The structure of recursive
matrices o�ers a simple extension to the known rewriting systems.
Some ideas of this paper are from [Becker,1994], [Guan,1992], [Reichert,1991].
Further work will concentrate on e�cient parsing algorithms. RMS is not
to be confound with Matrix Grammars, introduced in [Abraham,1965].
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