Chapter 9

Defaults in Specifications:

Distance Functions Between Temporal Models

SorIiA GUERRA

ABSTRACT.

Default institutions were defined in [Schobbens,1993] as an extension of the concept
of institution [GoguenBurstall,1992], where there is a notion of distance between
interpretations. In this extension, we can have default modules that may be overrid-
den by more specific properties. The semantics of a specification with an exception
are given by the models of the exception that are as close as possible to the models
of the specification according to the given notion of distance.

In this paper we present a formalisation of non-monotonicity in temporal logic by
defining a temporal instantiation of a weak form of default institution. In this way,
using temporal logic as a specification language, we get a way of handling defaults
in specifications of dynamic systems.

1 Introduction

Default reasoning concerns the logic of assertions which should be assumed
to be true but for which there might be exceptions. Although it first ap-
peared as a field within Artificial Intelligence, the need to be able to express
default assertions in specifications of software systems is well established.
For example, using defaults we can specify fault-tolerant systems, exhibit-
ing a normal behaviour to which exceptions arise when a fault develops. In
this case, an exception should be dealt with within the specification, giving
rise to appropriate corrective actions.

Another application of non-monotonicity in specifications is the ability to
override constructs in specifications. Since the development of a specifica-
tion often starts with a simplified model that is enriched and modified, the
understanding of a system is not only obtained by syntactically enriching a
simple model, but also by modifying or contradicting part of it. The for-
malisation of these modifications that contradict the initial specification is
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one of the applications of defaults in specifications. In this paper we de-
scribe an example where a specification is enriched by adding a feature that
contradicts the initial specification.

There are several different approaches to default reasoning, including model
preference logics. This branch of approaches is based on the semantic notion
of choosing a preferred set of models of a theory. The main idea is to consider
instead of arbitrary models of a given axiom set, only models that satisfy
a certain minimality condition. This minimality condition is related to the
way models satisfy the defaults. One way of doing this is by defining an
ordering between models, where interpretations of a logical language are or-
dered according to how well they satisfy some given default information; this
framework is called preference relations [Kraus et al.,1990, Makinson,1994].

Another natural way of comparing interpretations is by the use of distance
functions: if M is a set of interpretations and m,n € M are interpre-
tations, then d(m,n) is some notion of distance between m and n. In
[Schobbens,1993], this is generalised by considering morphisms between in-
terpretations and an ordering between morphisms. These morphisms cor-
respond to several ways of comparing two interpretations; distances are the
particular case of a single morphism between any two interpretations. The
semantics are based on this notion of ordering and then selecting the mod-
els of the axioms that are as close as possible to the models of the defaults,
according to the given definition of distance between models.

In order to handle defaults in specifications of dynamic systems, we define
an instantiation with temporal logic of a weaker version of the default in-
stitution proposed in [Schobbens,1993]. In this paper we briefly describe
the notion of default institution and then why we need a weaker version of
the default institution for the temporal case, and the temporal instantia-
tion. This instantiation is motivated by an example of a specification where
defaults are used.

2 The default institution

Default institutions were proposed in [Schobbens,1993] as a way of extending
the notion of institution [GoguenBurstall,1992]. Institutions provide a way
of talking about an arbitrary logical system and provide a way of structur-
ing specifications. However, with this structuring an existing specification
can be enriched but not modified. Default institutions allow partial reuse
of existing specifications, where the ‘default’ module can be modified by
introducing exceptions to suit the application at hand.

The concept of default institution is an extension of institutions by adding a
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notion of distance between interpretations. The semantics of a specification
with an exception are given by the models of the exception that are as close
as possible to the models of the specification according to the given notion
of distance. This is non-monotonic since by adding exceptions it might be
needed to retract some of the previous conclusions.

In general, we want to compare interpretations that may be different in na-
ture. Therefore, we need a way to relate elements of different nature that
play a similar role. This is done by morphisms between interpretations,
the morphisms of the category Int(X) (here and in the rest of the paper ¥
is a signature). In order to compare morphisms and give a precise mean-
ing to ‘closest’, a pre-order <y, among morphisms is needed. These define
the comparison category Comp(X): the objects are the morphisms in the
category Int(X) of interpretations, and the morphisms are defined by the
pre-order <y;. This means that there is one and only one morphism between
h:m—=nandh':m' =n if h <y h'.

When instantiating a default institution with a logic, the choices we make
are the morphisms between interpretations and the pre-order on these mor-
phisms, i.e. we have to decide what are the components of the category
Comp(X). The other components of the default institution are the usual
ones, the same as in the corresponding institution. This is exactly what
we do in the next section for the temporal case. The formal definition of a
default institution is the following:

2.1 Definition [Schobbens,1993] A default institution consists of

a category Sign of signatures;

a functor Sen : Sign — Set, giving languages linked by translations;

e a contravariant functor Int : Sign — CatP, giving interpretations and
their morphisms; the class of interpretations should not be empty;

a family of satisfaction relations |Fx. between the interpretations of %
and its formulae (IFx, C|Int(X)| xSen(X));

a functor Comp : Sign — Cat°, such that
— Comp(X) is a pre-order;
— the objects of Comp(X) are the morphisms of Int(X);
— the identities of Int(X) are initial (minima) in Comp(X);

— the morphisms of Int(X) that are minima in Comp(X) are called
agreements; they must form a subcategory Inty(X), that is, the
composition of agreements must be an agreement;

— the institution where Int is replaced by Inty is weakly abstract;
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— O-symmetry: each agreement h : M — N has a reverse agreement
h®: N — M such that (h®)R®3Dh;

— (O-equivalence: for any morphism h : B — C and agreements
a:A—B,c:C— D,a;h=h=h;c.

Let us explain some of the motivations for this definition. If m, n, m/, and
n' are interpretations in Int(X) for a given signature X, and h : mm — n and
h' :m' — n' are morphisms in the same category Int(3), h:m — n <y
h':m' — n' represents that m is ‘closer’ to n (according to h) than m’ to
n' (according to h'); <y being the pre-order between morphisms for a given
signature . The minimal morphisms for each of these orderings are called
agreements. We want agreements to behave similarly: the fact that a mor-
phism A : m — n is minimal represents that m is as close to n as possible, so
it is natural to expect that they should be similar. To guarantee that inter-
pretations linked by a minimal morphism (an agreement) behave similarly
we impose that the institution Inty (where we only consider morphisms be-
tween interpretations that are minimal) is weakly abstract. Intuitively, an
institution is weakly abstract if our logic does not allow us to look at more
details of the interpretations than the morphisms do. Formally, we say that
an institution is weakly abstract iff given two interpretations m and n in
Int(¥), ClI(¥,m) C Cl(X,n) whenever there is a morphism h : m — n in
Int(X), where CI(X,m) is the set of its properties, i.e. {p € Sen(X)|m I+ ¢}.
By the condition of 0-symmetry, we have that if there is and agreement from
m to n, then there is also one from n to m. Therefore, these two conditions
together (0-symmetry and weak abstractness) imply that two models linked
by an agreement satisfy exactly the same formulae.

The 0-equivalence is the requirement that agreements should be transparent
with respect to comparisons; here h = h' means (h < h' and b’ < h).

The semantics of a default D and an exception F, written D but E, are
defined using the pre-order of the comparison category Comp(X). Let us
introduce some notation that is used in the formal definition: Mor(E, D) is
the class of morphisms whose domain satisfy £ and whose codomain satisfy
D; Min(E, D) is the class of minimal morphisms of Mor(E, D). An inter-
pretation m is a model of D but F if m is the domain of a minimal morphism
between the morphisms whose domain satisfies £ and whose codomain sat-
isfies D. This means that m is a model of the exceptions E that is as close
as possible to a model of the defaults D. Note that a model of D but F
always satisfies the exception E.

2.2 Definition (Semantics of but) m |- Dbut E iff there is a mor-
phism h € Min(E, D) such that dom(h)3Dm.
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3 Temporal default institution

The temporal default institution is an instantiation of the definition of de-
fault institution with propositional linear temporal logic. So, in the temporal
case the default institution consists of:

e Signatures (Category Sign): Sets of propositional symbols.

e Language (Category Sen(X)): Formulae constructed in the usual way
using the boolean connectives and the temporal operators U (until)
and X (next); from these temporal operators it is possible to define G
(always) and F' (eventually).

e Interpretations (Category Int(X)): The interpretations are triples of
the form M3D(N, <,V'), where < is the usual ordering on the natural
numbers and V is a valuation. The valuation assigns to every time-
point ¢ € N a set of symbols V(¢) C X, namely the set of proposition
letters that are true at the instant t. Note that in these interpreta-
tions, time is discrete, has an initial moment with no predecessors, and
is infinite into the future.

e Satisfaction Relation (Relations IFyx): The usual for linear temporal
logic. We write m IF; A if the interpretation m satisfies the formula A
at the timepoint .

We use the anchored version of temporal logic, where a formula A is said
to be walid on the interpretation m iff m Iy A, and we consider the reflex-
ive versions of the modalities. These interpretations are the objects of the
category Int(X%).

The problem now is how to define morphisms between interpretations and
a pre-order on the morphisms in such a way that the defaults in specifica-
tions of dynamic systems behave in the expected way. To motivate these
definitions let us look at an example.

3.1 An example: a Ferris Wheel

Consider a Ferris Wheel where each chair can be in one of six positions, as
illustrated in figure 9.1. We choose one of the chairs and from now on we
always talk about the same chair. The chair can be in one of three levels
1,2 or 3, and it moves always in the same direction (clockwise). The name
of each position indicates the level of the chair and whether it is going up or
down: eg. 3up indicates that it is at level 3 and it is going up; 2down indicates
that it is at level 2 and it is going down. Following this convention, there are
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Figure 9.1: A Ferris Wheel.

six different positions where the chair can be: lup, 2up, 3up, 3down, 2down
and ldown. The chair goes from lup to 2up, and from this to 3up, then it
goes to 3down and it starts going down to 2down and ldown and then to lup
again, and it never stops. A specification of this Ferris Wheel can be seen in
figure 9.2. The first formula states the fact that the chair is always in one of
the six positions and it is not in more than one at each moment. The other
formulae describe the movement of the chair.

3D G((lup V 2up V 3up V 3downV = 2down V ldown)A
=(1up A 2up) A =(1lupA = 3up) A =(lup A 3down) A...)

G(lup— X 2up) 3D G(2up—X3up)
G (3up— X 3down) G(3down— X 2down)
G(2down— X 1down) G(ldown— X lup)

Figure 9.2: A specification of the Ferris Wheel.

Suppose now that we want to add an emergency lever that makes the chair
reach level 1 as soon as possible. If the chair was in one of the down positions,
then the faster way of getting to level 1 is by keep going clockwise. However,
if the chair is in one of the up positions than the best thing is to reverse
the direction, and move counter clockwise. Suppose that the lever stays
pushed until the chair gets to level 1, it stops there and then is released. The
action of pushing the lever is call push and lever represents that the lever
is pushed. Figure 9.3 represents what we want to add to the specification.

Instead of rewriting the specification from the beginning, and considering
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3D G(push—1lever)
G((lever A 2up)— X (lup A lever))

G(((Lever A 3up))—X (2up A lever))
G(((Lever A lup))— X (lup A —lever))
G(((Lever A ldown))— = X (ldown A —lever))
G(((3down V 2down) A lever)—Xlever)

Figure 9.3: Adding an emergency lever.

explicitly whether the lever has been pushed or not, we want to add these
formulae as exceptions to the specification. If D is the conjunction of the
formulae in the specification of the Ferris Wheel and E the conjunction of
the formulae that describe the lever, then the models of the Ferris Wheel
with the emergency lever would be the models of the state constraint that
satisfy D but E. However, in order to give semantics to but we have to
know what are the morphisms between interpretations and how they are
ordered, i.e. the comparison category Comp(X). This is our aim now.

3.2 The comparison category

When defining the comparison category, the first thing to note is that the
state constraints have to be rigid to avoid the satisfaction of the exception
by allowing the chair to be in more than one position at the same time.
These formulae should not be overridden and we see them as axioms that
cannot be overridden. Alternatively, we could see them as defaults with
the highest priority. The details of how to do that are not presented here.
We can suppose that we only consider for minimisation the models of these
axioms. In our example, the first formula of figure 9.2.

If we think about how to order the morphism, a first possibility that follows
the ideas of the instantiations defined in [Schobbens,1993] would be the
following: if h : m — n and A’ : m' — n’ are morphisms between temporal
interpretations in Int(X) for a signature X, h:m —n <s h' :m' — n' iff
for all t € N

m disagrees with n at ¢ = m' disagrees with n' at ¢,

where by disagree we mean that they do not satisfy the same proposi-
tional symbols at that instant. This definition has two immediate problems.
Firstly, if m disagrees with n at some point ¢ then what happens afterwards
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might be meaningless. As an example consider the Ferris Wheel; let m be
a model of the exceptions (the formulae that describe the lever) and n a
model of the initial specification. Suppose that at some timepoint ¢, m was
at 2up, the lever was not pushed and, as a pass of magic, in ¢t + 1 it was at
2down. If n agreed with m at ¢ (i.e. m was at 2up as well) then obviously
they disagree at ¢t + 1. Moreover, even if m behaves as expected after ¢ it
will disagree with n, and these disagreements are meaningless because they
are the result of what happened at t. This suggests that what we want to do
is to see if at some point ¢, m were the model n, whether it would behave in
the same way. Following this idea, morphisms between interpretations are
monotonic functions A : N — N such that

VtEN.VpeX. mlbp & nlbyg p,

and we check whether m IFi 1 p < nlbp 41 p.

Another problem with this definition of the pre-order is that it blocks the
occurrence of the actions that change the behaviour, like the action of push-
ing the lever. With this definition, the minimal models of the Ferris Wheel
with the lever would be the ones where the lever is never pushed. This is
highly undesirable, since we want to be able to push the lever whenever we
feel like (whenever there is an emergency), and we do not want to restrict
the times we push the lever in the minimisation process. This suggests that
we only want to compare interpretations that have the same occurrences of
actions at the same timepoints. In this way we have to treat actions dif-
ferently from the attributes in the minimisation process. Hence, we split
the signature in two disjoint sets: one for the actions Act, that cannot be
minimised, and another Att for the attributes. A signature X is then a pair
of disjoint sets (Act, Att), where Act is the set of actions and Att is the
set of attributes. We also impose that comparable interpretations agree at
the first instant, i.e. we suppose that they satisfy the same symbols at the
instant 0.

We can now say what are the morphisms between interpretations. Firstly
we introduce some notation:

Let h : N4N be a partial function and ¢ € N be a natural number:

t)1 means that h is undefined at ;

h(
e h(t)] means that h is defined at ¢;

e h(t)3Dmax{t' € N : ¢ < tand h(t') |} is the greatest timepoint less
or equal than ¢ in which the function is defined.

The idea of the morphisms is to relate two temporal interpretations m and
n that have the same initial state (they satisfy exactly the same atomic
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formulae at 0), in a way that, for each instant ¢;, a timepoint ¢5 is chosen
in a monotonic way, such that the interpretation domain m at t; satisfies
exactly the same atomic symbols as the interpretation codomain n at t».
This choice is partial to allow cases where such ¢5 does not exist. These
conditions are formally expressed by the following definition:

3.3 Definition Let X € Sign be a signature and m and n be two temporal
interpretations in |Int(X)|. A morphism h:m —n € Mor(Int(X)) is a
partial function h : NAN such that:

o h(0)3D0;
e for all t1,to €N, ift; < to, h(tl)\]/ and h(tg)\]/ then h(tl) < h(tQ);
o forallt € N, if h(t)| then for all p € %, m Iy p iff n by p.

Now that we have defined morphisms between temporal interpretations, we
can go back to think about the notion of ‘closeness’ in order to get the
category Comp(X). Although we cannot define the pre-order yet, taking
into account the previous considerations we now know that h: m — n <y
B :m' — n' implies:

1. Vp e X. mlkgpiff m' kg p; 09
2. Va € Act. YVt € N. m Ik a iff m' b a;

Suppose h : m — n is a morphism between two temporal interpretations. If
m was ‘near’ n, it would behave, at every timepoint, in the same way as n
if n was at a similar state. Discrepancies are the cases when this does not
happen.

3.4 Definition Let Y.3D(Act, Att) € Sign be a signature, h : m — n be
a morphism in Int(X) and t € N a timepoint. We say that there is a

discrepancy at time t between m and n according to h, written m(gtn, if
h(t) is defined and there is an attribute o € Att such that

(m b1 0 and n W p 41 0) or (m i1 0 and n b4 0)

This notion of discrepancy expresses the fact that, if the model n was at the
state that m is at some instant ¢, it would behave in a different way. This
depends on the morphisms A, that chooses from n an instant to compare with
m at the instant ¢: by definition of morphism, if A : m — n is a morphism,
then m satisfies at ¢ exactly the same symbols as n at h(t). There is a
discrepancy at t if they progress in different ways: at the following instants,
t+1 for m and h(t)+1 for n, they satisfy different attributes. This notion of
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discrepancy is going to be used to define the pre-order: two interpretations
are ‘nearer’ if they have less discrepancies.

If h:m — nand b’ : m' — n' are morphisms, we want to know if m is closer
to n (according to h) than m’ to n’ (according to h'). The main idea is to
minimise the discrepancies. We could say that if h : m —n <g h' :m’ —n’
and there is a discrepancy at ¢ between m and n then there is also one
between m’ and n’ at the same instant:

h n!
YVt € N. me»n = m'&n'.

The problem with this definition is that if m’ did something ‘strange’ before
an instant ¢, but m did not disagree with n at that point, then we could
not conclude the relation we wanted. Thinking again about our example,
suppose h : m — n and h' : m' — n’ are morphisms, m and m' satisfy
lever at the same instants and they agree at 0. Suppose ¢ is a timepoint
where m is at 2up and the lever is pushed at ¢, and this is the first time
the lever is pushed. We can also suppose that before ¢, m satisfies all
the formulae of the specification of the Ferris Wheel without the lever. In
these conditions there is a discrepancy between m and n at t. However, if
m’ is at a down point at ¢ (because it did not follow the default formulae
at some previous instant) then there is no discrepancy ¢ between m' and
n/. This is obviously undesirable. To solve this we impose then that if
h:m —n <s h':m' — n' and if there is a discrepancy between m and n
at t that does not exist between m’ and n' then there must be a reason for
this: either because A’ at t is undefined or because at a previous instant
there was a discrepancy in A’ that did not exist in h. This gives rise to
the following condition that we add to the previous two we already had.
h:m—n<x h':m'— n' implies:

1. Vpe X. mlikgpiff m' g p; 09

2. Va € Act. YVt € N. m Iy a iff m' I, a;

3.Vt € N (m&yn Am/ss, n' AR(8))) =
h ’
(3ty < tr. (meby,n A h(ts) L A& ,n V 1 (12)1))))

The minimisation of the discrepancies is expressed by condition 3 of the
definition 3.5: if, at some instant, there is a discrepancy in a morphism
h, and there is not a discrepancy at h', then h < A’ only if there was a
previous discrepancy at b’ that did not exist at h. This is like chronological
minimisation, where defaults in earlier instants have higher priority than
the ones that occur later. It also ensures that if A < A’ and there is a
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discrepancy in h that does not exist in h’, the absence of the discrepancy at
h' is possible only because there was an earlier one that allows the domain
of ' to have a behaviour closer to a model of the defaults.

To define the pre-order there are further two conditions that we want to
impose. We want minimal morphisms as defined as possible, which is ex-
pressed by condition 4 of definition 3.5: a completely undefined function
does not have any discrepancy.

The last condition ensures that the morphisms are as surjective as possi-
ble; this has as a result that identities are minimal, and that any minimal
morphism is surjective, satisfying one of the conditions of the definition of
default institution, namely that the institution where the category Int is
replaced by the category Inty is weakly abstract. If we allow non surjective
morphisms to be minimal, then we could have two interpretations linked by
an agreement that would not satisfy the same formulae. In the points of
the codomain interpretation that were not mapped by any point of the do-
main, the interpretation could satisfy different propositional symbols that
would result in the two interpretations not satisfying the same formulae.
The formal definition of the pre-order is the following;:

3.5 Definition Let ¥3D(Act, Att) € Sign be a signature and let h : m — n
and h' : m' — n' be morphisms in Int(X). We say that h: m —n <
B :m! — n' iff:

1. Vpe X. mikgp if m' I p; 09

2. Va € Act. VYt e N. m Iy a iff m' Ik, a;

h/
3. Vit € N. ((m<ﬁ>t1n Amlssy n' NB (1) ]) =

(Bt < t1. (mbyyn A h(t2) L A B yn v 1 (22)1)))

09
4. {t:h(t) 1} S {t:h'(t) 1}; 09

5. (Vt € N. mdsn iﬂ’m’(gtn’) =
VteN. 3D ((Ft1 eN.h(t&1) <ty <h(t) AVp € X. (mlry p iff nlky, p))
=3ty e N (t 1) <ty < B (t) AVp € . (m/ Ik p iff ! k4, p))).

To sum up, we only compare morphisms if the domains have the same initial
state and they satisfy the same actions at the same instants (conditions 1
and 2 of the definition 3.5). The condition 2 makes possible comparisons of
interpretations only if the same actions occur at the same time points, so
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that we choose, from the models that have the same occurrence of actions
, the ones that are as close as possible to the models of the defaults. It is
a way of avoiding blockage of the occurrence of actions: if the effect of an
action contradicts the defaults, then a model where that action would not
occur would be better than the ones where that action occurs. Moreover, we
minimise discrepancies (condition 3) and we prefer morphisms ‘more defined’
and ‘more surjective’ (conditions 4 and 5 respectively).

This relation is in fact a pre-order and it defines the category Comp(X): the
objects of Comp(X) are the morphisms of Int(X) and there is a morphism
between h : m - nand ' :m' = n' if h:m —=n <s A :m' = n'. This
pre-order is used to give semantics of specifications with exceptions: if D is a
specification and E an exception (formulae over a signature ), m is a model
of D but E if m is the domain of a <y-minimal morphism of Mor(E, D).

Going back to our example, let ©3D{ Act, Att} be the signature with Act3D{push}
and Att3D{3down, 2down, 1down, lup, 2up, 3up, lever}. We have that, if m

is a model of the state constraint, and m IF D but E, then m is one of the
desired models: if the chair is at 3down, 2down, or at Jup and 2up but the
emergency lever has not been pushed, then it behaves as before adding the
lever; if the chair is at 1down or lup and the lever has been pushed it
stops; if it is at 2up or 3up and the lever has been pushed, then it changes
direction, as specified in the formulae we added.

Although this notions of morphisms between temporal interpretations and
of pre-order on these morphisms give the expected results when dealing
with specifications of dynamic systems with defaults, it does not define a
default institution. In the definition 2.1 of default institution given in
[Schobbens,1993] the author impose that all the minimal morphisms are
equivalent, i.e. all the minimal morphisms are minima. Following our dis-
cussion, in order to get intuitive results in our framework, we do not want
to compare interpretation that differ on the occurrences of actions. In this
way, if m and m' are temporal interpretations over the same signature
Y.3D(Act, Att), if they do not agree on the actions Act, the identities on
m and m' are incomparable. With this motivation we define a weaker de-
fault institution, where we impose that all identities are minimal but not
necessarily minima. This modification of the definition is not discussed in
this paper, but most of the results that hold for default institutions also
hold in the weaker version.

4 Concluding remarks

Starting from the default institution in [Schobbens,1993], we define a weaker
version of it where not all minimal morphisms are equivalent. A temporal
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instantiation of this weaker version is defined: a propositional linear tem-
poral default institution. This consists of the usual temporal institution,
but where the notion of morphism between interpretations is changed, and
it is extended with a pre-order between these morphisms. This notion of
ordering between morphisms of interpretations is used in order to deal with
non-monotonicity in specifications. In particular, an example where a spec-
ification is reused but where exceptions to the previous behaviour are added
is described. In this example the first specification is seen as a default and
a new module is considered, avoiding the necessity of writing the whole
specification from the beginning.
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